To solve large-scale unconstrained optimization problems, a modified PRP conjugate gradient algorithm is proposed and is found to be interesting because it combines the steepest descent algorithm with the conjugate gradient method and successfully fully utilizes their excellent properties. For smooth functions, the objective algorithm sufficiently utilizes information about the gradient function and the previous direction to determine the next search direction. For nonsmooth functions, a Moreau-Yosida regularization is introduced into the proposed algorithm, which simplifies the process in addressing complex problems. The proposed algorithm has the following characteristics: (i) a sufficient descent feature as well as a trust region trait; (ii) the ability to achieve global convergence; (iii) numerical results for large-scale smooth/nonsmooth functions prove that the proposed algorithm is outstanding compared to other similar optimization methods; (iv) image restoration problems are done to turn out that the given algorithm is successful.
Introduction
The concerned problem is given by
where the function f : n → and f ∈ C 2 . The above model is quite typical but a difficult mathematic model and is seen throughout daily life, work, and scientific research, thus being the focus of a great variety of careers. Experts and scholars have conducted numerous in-depth studies and achieved a series of fruitful results (see, e.g., [2, 5, 12, 22, 29-31, 40, 50, 52, 53] ). It is quite noticeable that the steepest descent method is simple, and the computational and memory requirements are low. In the negative gradient direction, the function's value decreases rapidly, which makes it easy to think that this is a suitable search direction, although the convergence rate of the gradient method is not always fast. Later, experts and scholars modified this method and presented an efficient conjugate gradient method, which provides a simple form but high performance.
There are two aspects of optimization problems: the step length and the search direction. In general, the mathematical formula for (1.1) is
where x k is the current iteration point, α k is called the step length, and d k is the kth search direction. The formula for d k is often defined by
-g k+1 , i fk = 0,
where β k ∈ . In addition, increasingly more efficient and successful conjugate gradient algorithms have been proposed using a variety of expression for β k as well as d k (see, e.g., [9, 11, 27, 38, 42-44, 47, 49] ). The well-known PRP algorithm [26, 27] is of the following form:
where g k , g k+1 and f k denote g(x k ), g(x k+1 ) and f (x k ), respectively. g(x k+1 ) = g k+1 = ∇f (x k+1 ) is the gradient function of the objective function f at x k+1 . It is remarkable that the PRP conjugate algorithm is extremely effective for large-scale optimization problems. It is regrettable that it fails to achieve global convergence when addressing nonconvex function problems under the so-called weak Wolfe-Powell (WWP) line search technique. Its formula is as follows:
g(x k + α k d k ) T d k ≥ ρg T k d k (1.5) and
f (x k + α k d k ) ≤ f k + ϕα k g T k d k , (1.6) where ϕ ∈ (0, 1/2), α k > 0 and ρ ∈ (ϕ, 1). To address the above exchanging problem, Yuan, Wei, and Lu [48] developed the following innovative formula for the normal WWP line search technique (called Yuan, Wei, and Lu line search (YWL)) and obtained numerous rich theoretical results:
and g(x k + α k d k ) T d k ≥ ρg T k d k + min -ϕ 1 g T k d k , δα k d k d k , (1.8) where ϕ ∈ (0, 1/2), ρ ∈ (ϕ, 1) and ϕ 1 ∈ (0, ϕ). Further study can be found in [45] . Based on the innovation of the YWL line search technique, Yuan et al. [41] focused on the usual Armijo line search technique and proposed a modified Armijo line search technique as follows:
where λ, γ ∈ (0, 1), λ 1 ∈ (0, λ), and α k is the largest number of {γ k | k = 0, 1, 2, . . .}. It is interesting that some scholars not only focus on the expression of the coefficient β k but also attempt to modify the formula of the search direction d k+1 . Nonlinear conjugate gradient methods are increasingly more interesting to scholars because of their simplicity and lower equipment requirements for the calculation environment. Thus, HS (see [13, 16, 33] ) and PRP algorithms (see [35, 51] ) are widely used to solve complex problems in various fields. Currently, some experts focus on the three-term conjugate gradient because its search direction sometimes has the descent and automatic trust region properties. Motivated by the above discussion, a new modified three-term conjugate gradient algorithm based on the modified Armijo line search technique is proposed. The algorithm has the following properties:
• The search direction has a sufficient decrease and a trust region property.
• For general functions, the proposed algorithm under mild assumptions possesses global convergence. • The new algorithm combines the deepest descent method with the conjugate gradient algorithm through the size of the coefficients, and the numerical results demonstrate the method's good performance compared with established algorithms. • The corresponding numerical results prove that the discussed method is efficient as well as successful at solving general problems. • The paper successfully combines the mathematic theory with real-world application.
On the one hand, the proposed algorithm has a good performance in solving the large-scale optimization problems, on the other hand, it is introduced in the image restoration, which has wild application in biological engineering, medical sciences and other areas of science and engineering. The remainder of this paper is organized as follows: The next section presents the motivation and the content of the algorithm to solve large-scale smooth problems includes the important mathematical characters; the similar optimization algorithm was presented to solve large-scale non-smooth optimization problems; the Sect. 4 presents the application of the Sect. 3 in the problem of the image restoration; the paper's conclusion and algorithm's characters was listed in Sect. 5. Without loss of generality, f (x k ) and f (x k+1 ) are replaced by f k and f k+1 , and · is the Euclidean norm.
New three-term conjugate gradient algorithm for smooth problems
The three-term conjugate gradient algorithm has seen extensive study and obtained extremely good theoretical results. In the light of the work by Toouati-Ahmed, Storey [34] , Al-Baali [1] , Gilbert, and Nocedal [17] on conjugate gradient methods, the sufficient descent condition is crucial for the global convergence. From this, a famous formula for the search direction d k+1 emerges. Zhang [51] proposed the following formula:
where y k = g k+1g k . It is notable that the three-term conjugate gradient algorithm was firstly introduced in solving optimization problems and the numeral results proves it is competitive than similar methods, thus this paper choose it as the compared algorithm in Sects. 2.3 and 3.2. In [23] , Nazareth proposed another variety of formula,
where y k = g k+1g k , g k is the gradient function value at the point x k , and d 0 = d -1 = 0. In [14] , Deng and Zhong expressed a new three-term conjugate gradient formula as follows:
where s k = x k+1x k . Based on the above discussion, we express the new three-term algorithm under the modified Armijo line search technique (1.9) as follows:
where ξ 2 , ξ 3 , ξ 4 > 0. To gather more information about the objective function, we address the corresponding gradient function as well as the initial point, let y *
. This plays an important role in theory and numerical performance [46] . From the above discussion, we introduce a new PRP algorithm (Algorithm 2.1).
Algorithm steps

Algorithm 2.1
Step 1: (Initiation) Choose an initial point x 0 , γ ∈ (0, 1), ξ 2 , ξ 3 , ξ 4 > 0, and positive constants ε ∈ (0, 1). Let k = 0, d 0 = -g 0 .
Step 2: If g k ≤ ε, then stop.
Step 3: Find the step length, where the calculation α k = max{γ k | k = 0, 1, 2, . . .} stems from (1.9).
Step 4: Set the new iteration point of x k+1 = x k + α k d k .
Step 5: Update the search direction by (2.4).
Step 6: If g k+1 ≤ ε holds, the algorithm stops. Otherwise, go to next step.
Step 7: Let k := k + 1 and go to Step 3.
Algorithm characteristics
This section states the properties of the sufficient descent, trust region as well as global convergence of Algorithm 2.1. where σ are positive constants.
Proof On the one hand, it is true that (2.5) and (2.6) are correct if k = 0. On the other hand, from (2.4),
It is true that (2.5) and (2.6) demonstrate that the search direction has a sufficient descent trait and a trust region property, respectively.
Aiming at achieving global convergence, we propose the following mild assumptions.
Assumption (ii)
The objective function f (x) ∈ C 2 is bounded from below, and its gradient function g(x) is Lipschitz continuous, i.e., there exists a positive constant τ such that
Based on the above discussion and established conclusion concerning the modified Armijo line search of being reasonable and necessary (see [48] ), the global convergence algorithm is established as follows. Proof Suppose that the conclusion of the above theorem is incorrect, i.e., there exist a positive constant σ 3 and index number k such that
Based on (1.9) and (2.5),
Then with the above formulas with k = 0 from ∞ and combining with Assumption (ii), we obtain
Based on the convergence theorem of sequences,
Then we have
from the formula of (2.5), then
We then state two cases:
there thus exists a positive constant λ * ≤ λ 1 , such that
Using (2.5), Assumption (ii) and the continuity of f (x) and g(x), we have
where η k ∈ (0, 1). Comparing the above two expressions, we have
Thus,
. This contradicts the assumption of case (i). (ii) Clearly, {g k } → 0 if α k is a positive finite constant when k is a sufficiently large constant from the formula of (2.14). This conclusion does not satisfy the assumption of (2.10); this completes the proof.
Numerical results
Related content is presented in this section and consists of two parts: test problems and corresponding numerical results. To measure the algorithm's efficiency, we compare Algorithm 2.1 with Algorithm 1 in [51] in terms of NI, NFG, and CPU on the test problems listed in Table 2 of Appendix 1, which are from [3] , where NI, NFG, and CPU indicate the number of iterations, the sum of the calculation's frequency of the objective function and gradient function, and the calculation time needed to solve various test problems (in seconds), respectively. Algorithm 1 is different from the objective algorithm in the formula of d k+1 that was determined by (2.1), and the remainder of Algorithm 1 is identical to Algorithm 2.1.
Stopping rule:
If the condition g(x) < or stop1 < e 2 is satisfied, the algorithm stops, where e 1 = e 2 = 10 -4 , = 10 -4 . On the one hand, based on the virtual case, the proposed algorithm also stops if the number of iterations is greater than 10,000 and the iteration number of α k is greater than 5. On the other hand, 'NO' and 'problem' in Table 2 indicate the number of the tested problem and the name of the problem, respectively.
Initiation: λ = 0.9, λ 1 = 0.4, ξ 3 = 300, ξ 2 = ξ 4 = 0.01, γ = 0.01. Dimension: 30,000, 90,000, 150,000, 210,000. Calculation environment: The calculation environment is a computer with 2 GB of memory, a Pentium (R) Dual-Core CPU E5800@3.20 GHz, and the 64-bit Windows 7 operating system.
The algorithms' numerical results are listed in Table 3 of Appendix 1 with their corresponding NI, NFG and CPU. Then, based on the technique in [15] , plots of the corresponding figures are presented for the proposed algorithm. Some of the test problems are especially complex in that the above algorithms fail to solve them. Thus, a list of the numerical results with the corresponding problem index is given in Table 3 , where 'NO' and 'Dim' are the index of the problem and the dimension of the variable, respectively. Clearly, the proposed algorithm (Algorithm 2.1) is effective from the above figures because the point's value on the algorithm's curve is larger than for the other algorithms. In Fig. 1 , the red curve's value of the initial point is close to 0.9, while Algorithm 1 only arrives at a value of 0.6. This means that Algorithm 2.1 addresses complex problems fewer iterations. In Fig. 2 , the red curve is above the left curve because the calculation number of the objective function is less than the left one when addressing practical problems, which is an important aspect for measuring the performance of an algorithm. It is well know that the calculation time (CPU time) is the most essential metric of an algorithm because the speed of the algorithm is the most basic feature. The objective algorithm not only is well defined because the curve seems more feasible and smooth but also can address most complex problems because the largest value of the point on the curve is close to 0.98, which indicates that the proposed algorithm is highly effective. Overall, the proposed algorithm cannot only solve smooth problems but it also enriches the knowledge of optimization and lays the foundation for further in-depth studies.
Algorithm for nonsmooth problems
From the previous section, the proposed algorithm is trustworthy and has good potential based on the fundamental numerical results. Thus, this section attempts to apply the pro-posed method to nonsmooth problems. It is interesting that the vast majority of practical conditions are harsh; therefore, Newton's series of methods are often unsatisfactory for solving such problems because they require information about the gradient function [37, 39, 46] . Currently, most experts and scholars focus on bundled methods, which are successful solutions to small-scale problems (see [18, 19, 24, 36] ) but fail to solve large-scale practical problems. With the development of science and technology, it is becoming an urgent need to design a simple but effective algorithm to solve large-scale nonsmooth problems. Based on the simplicity of the conjugate gradient method, some experts and scholars have proposed relevant algorithms and made numerous fruitful theoretical achievements (see [20, 28] ).
Consider the following problem:
where θ (x) sometimes is nonsmooth and x ∈ R n . A famous technique is called 'Moreau-Yosida' regularization, which calculates the equivalent solution of the previous problem through a modified object function with the formula
where χ and · denote a positive constant and the Euclidean norm, respectively. Without loss of generality, we denote θ M (x) as in (3.1) 'Moreau-Yosida' regularization, i.e.,
The 'Moreau-Yosida' regularization technique was introduced because of its outstanding properties such as differentiability (see [21, 25] ). Assume that the function (3.1) is convex and that its 'Moreau-Yosida' regularization obtains the best solution of ω(x) = argmin θ M (t). Based on the mathematic knowledge and the established conclusion, we then have
The most surprising result is that the function θ M (x) is instantly smooth and that its gradient function is Lipschitz continuous, which is not true for the original function. It is worth noting that (3.1) and (3.3) are equivalent to each other because they have the same solution. In the remainder of this discussion, we attempt to further study the goal of (3.3) because it is clear and brief to a large extent, and we introduce relevant components of the objective algorithm simultaneously. Some necessary properties of sufficient descent and trust region will be listed in the next section. Then we provide relevant numerical results to show the performance of the proposed algorithm and draw a conclusion with regard of the whole paper.
New algorithm and its necessary properties
We start with the following formula for d k+1 , which is an important component of the proposed algorithm in addressing complex problems:
, and ξ 2 , ξ 3 , and ξ 4 are positive constants. The step length α k is determined by
where λ, γ ∈ (0, 1), λ 1 ∈ (0, λ), and α k is the largest number of {γ k | k = 0, 1, 2, . . .}. It is well known from the case of smooth functions that the new search direction has satisfactory descent and trust region properties; therefore, we merely list them without proof. We have
where σ is the same as in (2.7). Now, manifesting specific algorithm steps, we express the cause of the existing α k ∈ that satisfies the demands of the modified Armijo line search formula and provides the global convergence of the proposed algorithm.
Algorithm 3.1
Step 1: (Initiation) Choose an initial point x 0 , γ ∈ (0, 1), ξ 2 , ξ 3 , and ξ 4 > 0 and positive constants ε ∈ (0, 1). Let k = 0, d 0 = -∇θ M (x 0 ).
Step 3: Find the step length, i.e., the calculation α k = max{γ k | k = 0, 1, 2, . . .} stemming from (3.6).
Step 4: Set the new iteration point x k+1 = x k + α k d k .
Step 5: Update the search direction by (3.5).
Step 6: If ∇θ M (x k+1 ) ≤ ε holds, the algorithm stops; otherwise, go to the next step.
To express the validity of the step length α k in (3.6) and the global convergence of Algorithm 3.1, the following assumptions are necessary.
From the 'Moreau-Yosida' regularization technique, the function θ M (x) is Lipschitz continuous, i.e., there exists a positive constant κ subject to
Theorem 3.1 If Assumptions (i)-(ii) are true, then there exists a constant α k that satisfies the requirements of (3.6).
Proof We introduce the following function:
Based on the established theorem, following the sufficient decrease of (3.7), for sufficiently small positive α, we have
where the latter inequality holds since the objective function is continuous. Thus, there exists a constant 0 < α 0 < 1 such that ϑ(α 0 ) < 0; on the other hand, ϑ(0) = 0, and based on the function's continuous property, there exists a constant α 1 such that
is correct, and this means that the modified Armijo line search is well defined. From the above discussion, Algorithm 3.1 has the properties of the sufficient descent and a trust region, and we can now present the theorem of global convergence. We neglect the proof because its proof is similar to that of Theorem 2.1.
Nonsmooth numerical experiment
Two algorithms are proposed and compared to the proposed algorithm because this section measures the objective algorithm's efficiency on the test problems listed in Table 4 . In addition, the problems are only different from Algorithm 3.1 in the formula for d k+1 . The relevant numerical data are listed in Table 5 of Appendix 2, and we plot the corresponding graphs based on these data, where 'NI' , 'NF' , and 'CPU' are the iteration number, calculation number of the objective function and the algorithm's run time (in seconds). The first metric is determined by
if k = 0.
(3.11)
In [51] , without loss of generality, calling Algorithm 2, the other algorithm in [4] is calculated as Initiation: λ = 0.9, λ 1 = 0.4, ξ 3 = 100, ξ 2 = ξ 4 = 0.01, γ = 0.5. Stopping rule: If NI is no greater than 10,000, |f (x k+1 )f (x k )| < 1e -7 and if the iteration number of α k is no greater than 5, then the algorithm stops.
Calculation environment: The calculation environment is a computer with 2 GB of memory, a Pentium (R) Dual-Core CPU E5800@3.20 GHz and the 64-bit Windows 7 operating system.
From Figs. 4-6 , the proposed algorithm is effective and successful to a large extent. First, the computational data of the algorithm fully address complex situations. Second, the algorithm in the design of the search direction carefully considers the corresponding function, gradient function and current direction. In Figs. 4 and 5 , the curve of Algorithm 3.1 is above the other two curves because the number of iterations is much lower. Its initial point is close to 0.75, which is much larger than the other algorithms. Note that the proposed algorithm's computation time is the best of the three algorithms because the curve increases rapidly and is very smooth. In other words, its curve has a wonderful initiation point, which results in a high efficiency in addressing complex issues. 
Applications of Algorithm 3.1 in image restoration
It is well known that many modern applications of optimization call for studying largescale nonsmooth convex optimization problems, where the image restoration problem arising in image processing is an illustrating example. The image restoration problem plays an important role in biological engineering, medical sciences and other areas of science and engineering (see [6, 10, 32] etc.), which is to reconstruct an image of an unknown scene from an observed image. The most common image degradation model is defined by the following system:
where x ∈ n is the underlying images, b ∈ m is the observed images, A is an m × n blurring matrix, and η ∈ m denotes the noise. One way to get the unknown η is to solving the problem min x∈ n Ax + b 2 . This problem will not have a satisfactory solution since the system is very sensitive to lack of information and the noise. The regularized least square problem is often used to overcome the above shortcoming
where · 1 is the l 1 norm, λ is the regularization parameter controlling the trade-off between the regularization term and the data-fitting term, and D is a linear operator. It is easy to see that the above problem is a nonsmooth convex optimization problem and it is typically of large scale since the l 1 norm is nonsmooth.
Image restoration problem
The above section tells us that Algorithm 3.1 can be used for large-scale nonsmooth problems. Then we will use this algorithm to solve the above image noise problem, where the parameters are the same as those of Sect. 3.2 different from ξ 2 = ξ 3 = ξ 4 = 1. All codes are written by MATLAB r2017a and run on a PC with an Intel Pentium(R) Xeon(R) E5507 CPU @2.27 GHz, 6.00 GB of RAM, and the Windows 7 operating system. The stopped condition is
the noise candidate indices set N := {(i, j) ∈ A |ȳ i,j = y i,j , y i,j = s min or s max }, s max is the maximum of the noisy pixel and s min denotes the minimum of the noisy pixel, A = {1, 2, . . . , M}× {1, 2, 3, . . . , N}, V i,j = {(i, j -1), (i, j + 1), (i -1, j), (i + 1, j)} is the neighborhood of (i, j), y denotes the observed noisy image of x corrupted by the salt-and-pepper noise,ȳ is defined by the image obtained by applying the adaptive median filter method to the noisy image y in the first phase, x is the true image with M-by-N pixels, and x i,j denotes the gray level of x at pixel location (i, j). It is easy to see that the regularity of θ α only depends on ϕ α and there exist many properties as regards θ α and ϕ α that are studied by many scholars (see [7, 8] Table 1 it turns out that Algorithm 3.1 is competitive to PRP algorithm since it needs less CPU time to restoration of the most given images than those of the PRP algorithm. algorithm, and the numerical results prove the validity and simplicity of the discussed algorithm. (iii) Image restoration problems are done by Algorithm 3.1 and from the tested results it turns out that the given algorithm has better performance than those of the normal PRP algorithm. However, there are some problems with the optimization method that need to be studied such as how to better leverage the benefits of the steepest descent method while overcoming its shortcomings. 
Results and discussion
Appendix 1
